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Riemannian manifolds with Anosov geodesic
flow do not have conjugate points
I´talo Melo and Sergio Roman˜a
Abstract
In this paper, we prove that any non-compact complete Riemannian manifold
with lower curvature bound and geodesic flow of Anosov type does not have conju-
gate points. In particular, we answer an open problem mentioned in [Kni02] that is
related to Mane´’s statements in [Mn87] about a generalization of the Klingenberg’s
theorem to non-compact manifolds.
1 Introduction
In [Ano69], Anosov proved that geodesic flows of compact manifolds of negative curvature
provide chaotic dynamical systems. These geodesic flows are called uniformly hyperbolic
systems or simply “Anosov” systems. When the manifold is not compact, but its curva-
ture is negatively pinched (bounded between two negative constants), the same Anosov’s
argument showed that the geodesic flow is also Anosov (cf. [Kni02]).
In [Kli74], Klingenberg showed that compact manifolds with Anosov geodesic flow
share several properties with manifolds whose curvature is negative. Among them, there
are no conjugate points, the geodesic flow is ergodic, the periodic orbits are dense, the
fundamental group has exponential growth and every closed geodesic has index 0. For
non-compact manifolds some of these results are not valid. However, when the volume
is finite, in the outstanding paper [Mn87], Man˜e´ proved, using a Maslov Index that if
the geodesic flow admits a continuous invariant Lagrangian subbundle, then there are no
conjugate points. In particular, since the stable and unstable bundles are continuous,
invariant, and Lagrangian, geodesic Anosov flows on manifolds of finite volume do not
have conjugate points as well.
In the same paper, Man˜e´ stated that complete non-compact manifolds with curvature
bounded below do not have conjugate points, whenever the geodesic flow is Anosov.
However, as mentioned in [Kni02, pp. 475-476], Man˜e´’s proof contains an error in the
Proposition II.2 (see also [Kni18]).
Since then, the following Conjecture was raised:
Conjecture: If M is a non-compact complete Riemannian manifold with curvature
bounded below whose geodesic flow is Anosov, then M has no conjugate points.
This problem has been studied recently. The most recent work to solve this problem
is due to G. Knieper (cf. [Kni18]), who solved the problem by assuming three additional
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geometric conditions, which are, no strong recurrence, the existence of a compact set
where all possible conjugate points only appear in this compact set and the existence of
a geodesic without conjugate points.
The main goal of this work is to prove this conjecture without assuming any additional
geometric conditions on the manifold. More specifically, we prove the following theorem:
Theorem 1.1. Let M be a non-compact complete Riemannian manifold with curvature
bounded below. If the geodesic flow of M is Anosov, then M has no conjugate points.
In this way, Man˜e´’s original claim in [Mn87] is true.
2 Notation and Basic Concepts
Throughout the rest of this paper, M = (M, 〈 , 〉) will denote a complete Riemannian
manifold without boundary of dimension n ≥ 2. TM its the tangent bundle and SM its
unit tangent bundle.
2.1 Geodesic flow
For a given θ = (p, v) ∈ TM , we define γ
θ
(t) as the unique geodesic with initial conditions
γ
θ
(0) = p and γ′
θ
(0) = v. For a given t ∈ R, let φt : TM → TM be the diffeomorphism
given by φt(θ) = (γ
θ
(t), γ′
θ
(t)). Recall that this family is a flow (called the geodesic flow)
in the sense that φt+s = φt ◦ φs for all t, s ∈ R.
Let V := ker Dπ be the vertical subbundle of T (TM) (tangent bundle of TM), where
π : TM → M is the canonical projection.
Let K : T (TM)→ TM be the Levi-Civita connection map of M and H := kerK be the
horizontal subbundle. The map K is defined as follows: Let ξ ∈ T
θ
TM and z : (−ǫ, ǫ)→
TM be a curve adapted to ξ, i.e., z(0) = θ and z′(0) = ξ, where z(t) = (α(t), Z(t)), then
K
θ
(ξ) = ∇ ∂
∂ t
Z(t)
∣∣∣
t=0
.
For each θ, the maps dθπ|H(θ) : H(θ) → TpM and Kθ |V (θ) : V (θ) → TpM are linear
isomorphisms. Furthermore, T
θ
TM = H(θ)⊕V (θ) and the map j
θ
: T
θ
TM → TpM×TpM
given by
j
θ
(ξ) = (D
θ
π(ξ), K
θ
(ξ)),
is a linear isomorphism.
Using the decomposition T
θ
TM = H(θ) ⊕ V (θ), we can identify a vector ξ ∈ T
θ
TM
with the pair of vectors D
θ
π(ξ) and K
θ
(ξ) in TpM . The Sasaki metric is a metric that
makes H(θ) and V (θ) orthogonal and is given by
gS
θ
(ξ, η) = 〈D
θ
π(ξ), D
θ
π(η)〉+ 〈K
θ
(ξ), K
θ
(η)〉.
Observe that SM is invariant by φt, thus, from now on, we consider φt restricted to SM
and SM endowed with the Sasaki metric.
The types of geodesic flows that we discuss in this paper are the Anosov geodesic flows,
whose definition follows below.
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We say that the geodesic flow φt : SM → SM is Anosov (with respect to the Sasaki
metric on SM) if T (SM) have a splitting T (SM) = Es ⊕ 〈G〉 ⊕ Eu such that
dφtθ(E
s(θ)) = Es(φt(θ)),
dφtθ(E
u(θ)) = Eu(φt(θ)),
||dφtθ
∣∣
Es
|| ≤ Cλt,
||dφ−tθ
∣∣
Eu
|| ≤ Cλt,
for all t ≥ 0 with C > 0 and 0 < λ < 1, where G is the vector field derivative of the
geodesic flow.
2.2 Jacobi fields and the differential of the geodesic flow
The Jacobi fields are important geometrical tools to understand the behavior of differential
of geodesic flow. A vector field J along γ
θ
is called the Jacobi field if it satisfies the equation
J ′′ +R(γ′
θ
, J)γ′
θ
= 0, (1)
where R is the Riemann curvature tensor of M and “ ′ ” denotes the covariant derivative
along γ
θ
.
For θ = (p, v) and ξ = (w1, w2) ∈ TθSM , (the horizontal and vertical decomposition) with
w1, w2 ∈ TpM and 〈v, w2〉 = 0, it is known that
dφtθ(ξ) = (Jξ(t), J
′
ξ(t)), (2)
where J
ξ
denotes the unique Jacobi vector field along γ
θ
such that J
ξ
(0) = w1 and
J ′ξ(0) = w2. The equation (2) allows us to state that, the study of the dynamic of the
geodesic flow focuses on Jacobi fields.
Another important concept, closely related to this work, is the concept of conjugate
points.
Definition 1. Let p and q points on a Riemannian manifold, we say that p and q are
conjugate if there is a geodesic γ that connects p and q and a non-zero Jacobi field along
γ that vanishes at p and q. When neither two points in M are conjugate, we say the
manifold M has no conjugate points.
2.3 Symplectic geometry
The Riemannian geometry provides to unitary tangent bundle a natural symplectic struc-
ture using the horizontal and vertical decomposition given in the Subsection 2.1.
We define a symplectic form Ω and a one-form β given by
Ωθ(ξ, η) = 〈Dθπ(ξ), Kθ(η)〉 − 〈Dθπ(η), Kθ(ξ)〉,
β
θ
(ξ) = gS
θ
(ξ, G(θ)) = 〈D
θ
π(ξ), v〉p.
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Observe that ker β
θ
⊃ V (θ) ∩ T
θ
SM . It is possible prove that a vector ξ ∈ T
θ
TM lies in
T
θ
SM with θ = (p, v) if and only if 〈K
θ
(ξ), v〉 = 0. Furthermore, β is an invariant contact
form by the geodesic flow whose Reeb vector field is the geodesic vector field G.
The subbundle S = ker β is the orthogonal complement of the subspace spanned by
G. Since β is invariant by the geodesic flow, then the subbundle S is invariant by φt, i.e.,
φt(S(θ)) = S(φt(θ)) for all θ ∈ SM and for all t ∈ R.
It is know that the restriction of Ωθ to S(θ) is nondegenerate and invariant by φ
t (see
[Pat99] for more details).
2.4 Graphs and Riccati equation
For θ = (p, v) ∈ SM , let N(θ) := {w ∈ TxM : 〈w, v〉 = 0}. By the identification of the
Subsection 2.1, we can to write S(θ) := ker β = N(θ)×N(θ), V (θ) ∩ S(θ) = {0} ×N(θ)
and H(θ) ∩ S(θ) = N(θ)× {0}.
Definition 2. A subspace E ⊂ S(θ) with dimE = n − 1 is said to be Lagrangian if
Ωθ(ξ, η) = 0 for any ξ, η ∈ S(θ).
The Lagrangian subbundles play an important role in this paper (see Lemma 3.1),
since in the Anosov case, it is known that for each θ ∈ SM , the subspace Es(θ) and the
subspace Eu(θ) are Lagrangian (cf. [Mn87] and [Pat99]).
Observe that if E ⊂ S(θ) is a subspace with dimE = n− 1 and E ∩ V (θ) = {0}, then
E ∩ (H(θ) ∩ S(θ))⊥ = {0}. Hence, there exists a unique linear map T : H(θ) ∩ S(θ) →
V (θ) ∩ S(θ) such that E is the graph of T . In other words, there exists a unique linear
map T : N(θ)→ N(θ) such that E = {(v, Tv) : v ∈ N(θ)}. Furthermore, the linear map
T is symmetric if and only if E is Lagrangian.
Let E be an invariant Lagrangian subbundle, i.e, for every θ ∈ SM , E(θ) ⊂ S(θ) is a
Lagrangian subspace and dφt(E(θ)) = E(φt(θ)), for all t ∈ R. Suppose that E(φt(θ)) ∩
V (φt(θ)) = {0} for every t ∈ (−δ, δ). We can to write E(φt(θ)) = graphU(t) for all
t ∈ (−δ, δ), with U(t) : N(φt(θ))→ N(φt(θ)) which satisfies the Ricatti equation
U ′(t) + U2(t) +R(t) = 0, (3)
for more details see [Gre58], [Ebe73] or [DR20, Section 2].
3 Classical results
In this section, we present important results and concepts that will be used in the proof
our main result.
The first lemma is due to Man˜e´ (cf. [Mn87] and [Pat99] for more details), which show
a “twist property” between the vertical subbundle and a Lagrangian subbundle along
orbits. More specifically,
Lemma 3.1. [Mn87, Lemma III.2] If θ ∈ SM and E ⊂ S(θ) is a Lagrangian subspace,
then the set of t ∈ R such that dφtθ(E) ∩ V (φt(θ)) 6= {0} is discrete.
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We say that the geodesic arc γ : [a, b] → M does not contain conjugate points if for
any Jacobi vector field with J(c) = 0 and J ′(c) 6= 0 follows that J(t) 6= 0 for any t ∈ [a, b]
with t 6= c. In the next result, Man˜e´ related the trivial intersection between the vertical
subbundle and a Lagrangian subbundle and the nonexistence of conjugate points.
Lemma 3.2. [Mn87, Proposition II.1] Let M be a Riemannian manifold and γ : [0, a]→
M a geodesic arc. If there exists a Lagrangian subspace E ⊂ S(γ(0), γ′(0)) such that
V (γ(t), γ′(t)) ∩Dφt(E) = {0} for all 0 ≤ t ≤ a, then the geodesic arc γ does not contain
conjugates points.
For an alternative proof of the above result, see [Kni02]. Remember that in the case
of Anosov geodesic flow, the stable (Es) and unstable (Eu) subbundles are invariant,
continuous and Lagrangian. In this way, the above results are valid for Es and Eu.
When the manifold has an Anosov geodesic flow and the curvature is bounded below,
the stable and unstable subbundles have two fundamental properties. The first is due to
Knieper (cf. [Kni02]), which proved that the zeros of stable and unstable Jacobi fields
provide conjugate points. The second property is a consequence of the Green method (cf.
Green [Gre58]), which was used by Man˜e in [Mn87, first part of proof of Theorem A].
More specifically,
Lemma 3.3. [Kni02, Lemma 3.5] Let M be a Riemannian manifold with curvature
bounded below. If the geodesic flow is Anosov then there exists a constant σ with the
following property. If
Es(θ) ∩ V (θ) 6= {0}
then γθ has conjugate points on the interval [−1, σ]. If
Eu(θ) ∩ V (θ) 6= {0}
then γθ has conjugate points on the interval [−σ, 1].
As Es and Eu are Lagrangian, then using the notation of Subsection 2.4, the second
property is:
Lemma 3.4. Let M be a Riemannian manifold with curvature bounded below by −k2.
Assume that the geodesic flow is Anosov, then if θ ∈ SM satisfies that
Es(φt(θ)) ∩ V (φt(θ)) = {0} for all t ∈ R,
then
sup
t∈R
‖Usθ (t)‖ ≤ k,
where Usθ (t) : N(φ
t(θ)) → N(φt(θ)) is the symmetric linear map such that Es(φt(θ)) =
graphUsθ (t). Analogous result holds for unstable case.
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4 The intersection between the vertical subspace and
Es(u)
We consider the following subset of SM
Bs(u) =
{
θ ∈ SM : V (θ) ∩ Es(u)(θ) 6= {0}
}
.
Using the sets Bs(u) and Lemma 3.2, to order to prove the Theorem 1.1 is sufficient to
prove the following theorem.
Theorem 4.1. Let M be a non-compact complete Riemannian manifold with curvature
bounded below. If the geodesic flow of M is Anosov, then Bs = ∅ or Bu = ∅.
The rest of this section is dedicated to prove some lemmas needed to prove Theorem
4.1. In the following subsection, we study some properties of the sets Bs(u).
4.1 Properties of sets Bs and Bu
Lemma 4.1. The sets Bs(u) ⊂ SM are closed.
Proof. Let θn ∈ Bs(u) be with θn → θ, then there is zn ∈ V (θn) ∩ Es(u)(θn). As the space
involved are subspaces, then we can assume that ‖zn‖ = 1. Thus, since V (θn) = ker dπθn
and Es(u) are continuous subbundles, should be z ∈ V (θ) ∩ Es(u)(θ), which implies that
θ ∈ Bs(u).
Remark 4.1. Using the notation of Subsection 2.4, we note that, if θ /∈ Bs(u), then there
are unique linear maps T
s(u)
θ : H(θ) ∩ S(θ)→ V (θ) ∩ S(θ) such that Es(u)(θ) is the graph
of T
s(u)
θ , i.e.,
Es(u)(θ) = {(z, T s(u)θ (z)) : z ∈ H(θ)}.
Using the horizontal and vertical coordinates of Subsection 2.4, the following lemma
provides a local uniform control of the norm of the linear maps T s(u), which allows us to
control the vertical coordinates using the horizontal coordinates.
Lemma 4.2. Assume that θ /∈ Bs(u), then there is a compact neighborhood Us(u)θ ⊂ SM \
Bs(u) of θ and αs(u)(θ) > 0 such that if (v, w) ∈ Es(u)(z), then
‖w‖ ≤ αs(u)(θ)‖v‖ for all z ∈ Us(u)θ .
Proof. We prove the stable case, since the unstable case is analogous.
Let θ /∈ Bs be, then by Lemma 4.1 there is a compact neighborhood Usθ ⊂ SM \ Bs of θ
such that for all z ∈ Usθ , we have that
V (z) ∩ Es(z) = {0}.
Then, by Remark 4.1, for each z ∈ Usθ there is a unique linear map
T sz : H(z) ∩ S(z)→ V (z) ∩ S(z),
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such that Es(z) is the graph of T sz . The compactness of Usθ and the continuity of Es allows
us to state that there is αs(θ) > 0 such that
‖T sz ‖ ≤ αs(θ) for all z ∈ Usθ .
Observe that if (v, w) ∈ Es(z), then (v, w) = (v, T sz (v)), which implies that
‖w‖ = ‖T sz (v)‖ ≤ αs(θ)‖v‖.
It is important to observe that in the Anosov case, both subbundles Es(u) are invariant
and Lagrangian, therefore the Lemma 3.1 can be written in terms of the sets Bs(u).
Lemma 4.3 (Twist Property). For each θ ∈ SM , the sets {t ∈ R : φt(θ) ∈ Bs} and
{t ∈ R : φt(θ) ∈ Bu} are discrete.
When the manifold has curvature bounded below, thanks to Lemma 3.2 and Lemma
3.3, the sets Bs(u) have the following special property:
Lemma 4.4 (Transfer Property). If θ ∈ SM is such that there is t0 with φt0(θ) ∈ Bs,
then there exists t1 such that φ
t1(θ) ∈ Bu and |t1 − t0| ≤ 1 + σ, where σ is as in Lemma
3.3. Analogous result for unstable case.
Proof. From Lemma 3.3 it follows that the geodesic arc γθ : [t0 − 1, t0 + σ] → M has
conjugate points. Now suppose that φt(θ) /∈ Bu for all t such that |t− t0| ≤ 1 + σ. Then,
from Lemma 3.2 follows that the geodesic arc γθ : [t0 − 1, t0 + σ] → M does not contain
conjugates points. This contradiction concludes the proof.
As an immediate consequence of Lemma 3.2 we obtain the following result.
Lemma 4.5. Let J be a non zero Jacobi field along γθ such that J(a) = J(b) = 0 for
a < b, then there are c, d ∈ [a, b], a non zero stable ( no zero unstable) Jacobi field Js (Ju)
such that Js(c) = 0 and Ju(d) = 0.
4.1.1 The first positive (negative) time to Bu(s)
The lemmas presented in this subsection show the most important properties of the sets
Bs(u), which estimate the first the moment that orbits intersect the sets Bs(u), and will be
fundamental tools for the proof of Theorem 4.1.
Let us work with two special sets defined and denoted by
Bu+ =
{
θ ∈ SM : there is t > 0 with φt(θ) ∈ Bu
}
.
and
Bs− =
{
θ ∈ SM : there is t < 0 with φt(θ) ∈ Bs
}
.
For θ ∈ Bu+, denote by
tu+(θ) = min
t>0
{
t > 0 : φt(θ) ∈ Bu
}
,
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and for θ ∈ Bs−, denote by
ts−(θ) = max
t<0
{
t < 0 : φt(θ) ∈ Bs
}
.
Note that by Lemma 4.3 the times tu+(θ) and t
s
−(θ) are well defined.
The soul of this section are the following two lemmas, which allow local and uniform
estimation of times tu+(θ) and t
s
−(θ).
Lemma 4.6 (Main Lemma). There is a constant ρ such that, for each θ /∈ Bs there are
a compact neighborhood Usθ of θ and a constant Ls(θ) > 0 such that for all z ∈ Usθ ∩ Bu+,
then
tu+(z) ≤ max
{
1 ,
ρ+ logLs(θ)
−2 log λ
}
,
where ρ depend of the curvature.
To prove this lemma, we shall use the following lemma due to Green [Gre58] (see also
[Mn87, Lemma II.3] and [Kni02, Corollary 2.12]).
Lemma 4.7. Let M be a Riemannian manifold with curvature bounded below by −k2.
Then there exists A = A(k) > 0 such that if γ : [0, a] → M is a geodesic arc without
conjugate points and J , 0 ≤ t ≤ a is a perpendicular Jacobi field on γ with J(0) = 0, then
‖J ′(t)‖ ≤ A‖J(t)‖
for all 1 ≤ t ≤ a.
Proof of Lemma 4.6. We consider Usθ and αs(θ) given by Lemma 4.2 and
put Ls(θ) =
√
1 + α2s(θ). Let z ∈ Usθ ∩ Bu+, without loss of generality, we can assume
by Lemma 4.3 that z /∈ Bu.
We claim that the geodesic γz has no conjugate points on [0, t
u
+(z)). In fact, assume
that there is 0 ≤ a < b < tu+(z) and a Jacobi field J along γθ such that J(a) = J(b) = 0,
then by Lemma 4.5 there is a non zero unstable Jacobi field Ju along γz and c ∈ [a, b]
such that Ju(c) = 0. Since z /∈ Bu, then 0 < c ≤ b < tu+(z), which is a contradiction to
the minimality of tu+(z).
Now, since z /∈ Bu, we can consider an unstable Jacobi field Ju along γz such that
Ju(0) 6= 0 and Ju1 (tu+(z)) = 0 and put ξu = (Ju(0), (Ju)′(0)), we can assume that ‖ξu‖ =
1. Let Js be a stable Jacobi field along γz such that J
u(0) = Js(0) and put ξs =
(Js(0), (Js)′(0)).
If tu+(z) ≤ 1, we have nothing to do. Assume that tu+(z) > 1. We define the Jacobi field
J(t) = Ju(t)− Js(t) which satisfies J(0) = 0, then by Lemma 4.7
‖J ′(t)‖ ≤ A‖J(t)‖ for 1 ≤ t < tu+(z).
Thus,
‖(Ju)′(t)‖ − ‖(Js)′(t)‖ ≤ ‖J ′(t)‖ ≤ A‖J(t)‖ ≤ A‖Ju(t)‖+ A‖Js(t)‖ (4)
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for all 1 ≤ t < tu+(z).
Therefore, by the definition of Anosov geodesic flow we have
max{‖Js(t)‖ , ‖(Js)′(t)‖} ≤
(
‖Js(t)‖2 + ‖(Js)′(t)‖2
) 1
2
=
∥∥∥Dφtθ(ξs)∥∥∥ ≤ Cλt‖ξs‖.
Thus, by equation (4) we have
‖(Ju)′(t)‖ ≤ A‖Ju(t)‖+ C(A+ 1)λt‖ξs‖. (5)
Therefore, as ‖ξu‖ = 1
1
C
λ−t ≤ ‖Dφt(ξu)‖ (6)
≤
(
‖Ju(t)‖2 + ‖(Ju)′(t)‖2
) 1
2
≤
(
‖Ju(t)‖2 +
(
A‖Ju(t)‖+ C(A+ 1)λt‖ξs‖
)2) 1
2
≤
√
1 + A2‖Ju(t)‖+
√
2CA(A+ 1)λt‖Ju(t)‖‖ξs‖+ C(A + 1)λt‖ξs‖, (7)
whenever 1 ≤ t < tu+(z).
Now, letting t→ tu+(z) we get
1
C
λ−t
u
+(z) ≤ C(A+ 1)λtu+(z)‖ξs‖,
Put ρ := log(1 + A) + 2 logC, then the last inequality implies that
tu+(z) ≤
ρ+ log ‖ξs‖
−2 log λ . (8)
If max
{
1 ,
ρ+ log ‖ξs‖
−2 log λ
}
= 1, the equation (8) provides a contradiction, since tu+(z) > 1.
Otherwise,
tu+(z) ≤ max
{
1 ,
ρ+ log ‖ξs‖
−2 log λ
}
. (9)
To conclude our proof, we note that by Lemma 4.2
‖(Js)′(0)‖ ≤ αs(θ)‖Js(0)‖
and consequently
‖ξs‖ =
√
‖(Js)(0)‖2 + ‖(Js)′(0)‖2
≤
√
1 + α2s(θ)‖(Js)(0)‖ =
√
1 + α2s(θ)‖(Ju)(0)‖ ≤
√
1 + α2s(θ),
which implies by equation (9) that
tu+(z) ≤ max
{
1 ,
ρ+ logLs(θ)
−2 log λ
}
as desired.
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Using again Lemma 4.2 for the unstable case, the previous Lemma has a version for
the stable case, whose proof is analogous to the proof of Lemma 4.6.
Lemma 4.8. For each θ /∈ Bu there are a compact neighborhood Uuθ of θ and a constant
Lu(θ) > 0 such that for all z ∈ Uuθ ∩ Bs−, then
ts−(z) ≥ −max
{
1 ,
ρ+ logLu(θ)
−2 log λ
}
,
where ρ as Lemma 4.6.
Proof. We consider Uuθ and αu(θ) given by Lemma 4.2 and put Lu(θ) =
√
1 + α2u(θ).
Let z ∈ Uuθ ∩ Bs+, without loss of generality, we can assume by Lemma 4.3 that z /∈
Bs. Therefore, analogue to the proof of Lemma 4.6, the geodesic γz has no conjugate
points on (ts−(z), 0]. Let J
s be a stable Jacobi field such that Js(ts−(z)) and ‖ξs‖ =
‖(Js(0), (Js)′(0))‖ = 1. Consider Ju a stable Jacobi field such that Ju(0) = Js(0) and put
ξu = (Ju(0), (Ju)′(0)), then with similar arguments as proof of Lemma 4.6 (see equation
(9)), we have that
ts−(z) ≥ −max
{
1 ,
ρ+ log ‖ξu‖
−2 log λ
}
≥ −max
{
1 ,
ρ+ logLu(θ)
−2 log λ
}
. (10)
To finish this section, we recall Eberlein’s Lemma (see also [Gre58]), which together
of Lemma 4.8 will useful to get a geodesic without conjugates points.
Lemma 4.9. [Ebe73, Lemma 2.8] For any integer n > 2 consider the (n − 1)× (n − 1)
matrix Riccati equation
U ′(s) + U2(s) +R(s) = 0, (11)
where R(s) is a symmetric matrix such that 〈R(s)x, x〉 > −k2 for some k > 0, all unit
vectors x ∈ Rn−1 and all real numbers s. If U(s) is a symmetric solution of (11), which
is defined for all s > 0, then 〈U(s)x, x〉 < k coth(ks) for all s > 0 and all unit vectors
x ∈ Rn−1.
In our context, as a corollary of Lemma 4.9 we have (compare with Lemma 3.4).
Lemma 4.10. Let M be a Riemannian manifold with curvature bounded below by −k2,
for some k > 0, with Anosov geodesic flow. Let θ ∈ SM such that φt(θ) /∈ Bu for all
t ≥ 0. If Uu is the symmetric solution of the Ricatti equation (11) associated to the
unstable bundle Eu on [0,+∞), then
〈Uu(t)x, x〉 < k coth(kt),
for all t > 0 and all unit vectors x ∈ Rn−1.
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Proof. Note simply that if φt(θ) /∈ Bu for t ≥ 0, then Uu(t) is defined for t ≥ 0 and the
result follows from Lemma 4.9.
Remark 4.2. In the same conditions of previous lemma, observe that coth kt ≤ 2 for all
t ≥ log 3
2k
and then
〈Uu(t)x, x〉 < 2k for all t ≥ log 3
2k
(12)
and all unit vectors x ∈ Rn−1. In particular, ‖Uu(t)‖ < 2k for all t ≥ log 3
2k
.
Using the notation of Lemma 4.8, then as an immediate consequence, we have
Corollary 4.1. In the conditions of previous lemma, let θ ∈ SM such that φt(θ) /∈ Bu
for all t ≥ 0. Then for all t ≥ log 3
2k
,
Lu(φt(θ)) =
√
1 + 4k2.
Proof. Assume that t ≥ log 3
2k
and consider (v, w) ∈ Eu(φt(θ)), then by Lemma 4.2 and
Remark 4.2 we have that ‖w‖ ≤ 2k‖v‖. Thus, αu(φt(θ)) = 2k which implies that
Lu(φt(θ)) =
√
1 + α2u(φ
t(θ)) =
√
1 + 4k2,
for all t ≥ log 3
2k
.
Lemma 4.11. In the condition of previous corollary, let θ ∈ SM such that φt(θ) /∈ Bu
for all t ≥ 0. Then, if φt(θ) ∈ Bs− for some t ≥
log 3
2k
, then
ts−(φ
t(θ)) ≥ −max
{
1 ,
ρ+ log
√
1 + 4k2
−2 log λ
}
.
Proof. If φt(θ) ∈ Bs− \Bu for some t ≥
log 3
2k
, then by Corollary 4.1 and equation (10), we
have our result.
4.2 Proof of the Main Result
The main goal of this section is to prove Theorem 4.2, where it will be shown that
SM \ Bs(u) = SM , which implies Theorem 4.1. More specifically,
Theorem 4.2. Let M be a Riemannian manifold with curvature bounded below by −k2.
Then, the sets
Λs(u) =
{
θ ∈ SM : for all t ∈ R φt(θ) /∈ Bs(u)
}
.
are closed, open and nonempty subset of SM .
Since SM is a connected manifold, then any subset open, closed and nonempty should
be SM . Thus, as a corollary of Theorem 4.2, we have the proof of Theorem 4.1.
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Corollary 4.2. The sets Bs = Bu = ∅ and, consequently, M has no conjugate points.
Remark 4.3. It is easy to see, by the Lemma 4.4 (Transfer Property) that Λs = Λu.
Proof of Theorem 4.2. We will prove the unstable case, since Λs = Λu.
Closedness: It is immediate consequence of Lemma 3.4, an similar argument was used
by Man˜e´ in [Mn87].
Openness: We will prove that SM \ Λu is closed. In fact, assume that θn → θ with
θn ∈ SM \ Λu, then there is tn ∈ R such that φtn(θn) ∈ Bu.
By Lemma 4.3, we can assume that θ /∈ Bs ∩Bu, and consider the neighborhoods Us(u)θ of
θ given by Lemma 4.6 and Lemma 4.8. Therefore, for n large enough, θn ∈ Usθ ∩ Uuθ . We
have to cases to study.
Case 1: For infinitely many indexes n, tn > 0.
For each of these indexes, there exists tu+(θn). Then by Lemma 4.1 and Lemma 4.6, passing
a subsequence, we have that φt
u
+(θn)(θn)→ φt0(θ) ∈ Bu, which implies that θ ∈ SM \ Λu.
Case 2: For infinitely many indexes n, tn < 0.
In this case, without loss of generality, we can assume that
tn = max
{
t < 0 : φt(θn) ∈ Bu
}
.
Then by Lemma 4.4, we have that there is t˜n with |tn− t˜n| ≤ 1+σ such that φt˜n(θn) ∈ Bs.
If t˜n > 0 then t˜n < 1 + σ. If t˜n < 0 then there is t
s
−(θn) = max
{
t < 0 : φt(θn) ∈ Bs
}
.
Now define rn = t˜n if t˜n > 0 and rn = t
s
−(θn) if t˜n < 0. From Lemma 4.8, we have
−max
{
1 ,
ρ+ logLu(θ)
−2 log λ
}
≤ rn ≤ 1 + σ.
Thus, passing to subsequence, we have that φrn(θn)→ φt1(θ) which implies, by Lemma
4.1, that φt1(θ) ∈ Bs. Thus, by Lemma 4.4 there is t0 such that φt0(θ) ∈ Bu and then
θ ∈ SM \ Λu.
To conclude the proof of theorem, we will prove that Λu 6= ∅. For this sake, observe
that, since M is a non-compact manifold, there exists a ray γθ : [0,∞)→M , i.e., γθ is a
geodesic such that d(γθ(t), γθ(s)) = |t− s|, which implies that γθ does not have conjugate
points in (0,+∞).
Claim: For all t ≥ 1 + σ we have φt(θ) /∈ Bs ∪ Bu, where σ is as in the Lemma 3.3.
Proof of Claim.
By contradiction, assume that there is t0 ≥ 1 + σ such that φt0(θ) ∈ Bu. By Lemma
3.3 follows that γθ has conjugate points on the interval [t0 − σ, t0 + 1] ⊂ (0,+∞) which
is a contradiction since γθ does not have conjugate points in (0,+∞). Using analogous
arguments, we can prove that φt(θ) /∈ Bs, for all t ≥ 1 + σ.
Now take t1 > 0 such that
t1 > max
{
log 3
2k
+ 1 + σ, 1 + σ +max
{
1 ,
ρ+ log
√
1 + 4k2
−2 log λ
}}
.
12
Let θ1 = φ
t1(θ), then by above Claim, we have that φt(θ1) /∈ Bs for all
t ≥ −max
{
1 ,
ρ+
√
1 + 4k2
−2 log λ
}
.
Claim: For all t < −max
{
1 ,
ρ+
√
1 + 4k2
−2 log λ
}
hold that φt(θ1) /∈ Bs.
Proof of Claim.
By contradiction, assume that there is t < −max
{
1 ,
ρ+
√
1 + 4k2
−2 log λ
}
with φt(θ1) ∈ Bs.
Then, there exists ts−(θ1) and by Lemma 4.11, we have that
ts−(θ1) ≥ −max
{
1 ,
ρ+
√
1 + 4k2
−2 log λ
}
which is a contradiction. Therefore, the number ts−(θ1) does not exist.
Thus, we conclude that
φt(θ1) /∈ Bs for all t ∈ R,
or equivalently θ1 ∈ Λs. Then, Remark 4.3 allows us to conclude that θ1 ∈ Λu, as we
desired. Thus, the proof of the theorem is complete.
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